The steerable pyramid decomposition is an invertible representation similar to the two-dimensional discrete wavelet transform, but with interesting shift-and rotation-invariance properties. It is slightly overcomplete and amenable to a filter bank implementation via convolution and down-and upsampling operations. This paper presents a simple method for designing the FIR filter kernels required to implement the transform.
INTRODUCTION
The steerable pyramid algorithm is an invertible multiscale image transform [1, 2] . Figure 1 shows the iterated filter bank structure proposed by Simoncelli, et. al Like the discrete wavelet transform (DWT, Mallat algorithm, [5] ), the steerable pyramid transform decomposes an image into a series of scaled component images from which the original can be reconstructed. Like the DWT it subsamples the image at each (binary scaled) stage of iteration, producing progressively halfsized images. Unlike the DWT it avoids aliasing when subsampling [l] . Also unlike the DWT, it is shift-and rotationally-invariant, due to the absence of aliasing in the downsampling process.
One must choose the order of the derivative upon which the steerable pyramid transform is based. The number, k, of 0-7803-4455-3/98/$10.00 Q 1998 ZEEE orientation bands at each scale is one more than the order of the derivative. The transform is overcomplete by the factor 4W3.
Each of the blocks in Figure 1 represents a two-dimensional transfer function. Ho(u,v) is a highpass filter that passes the high frequency information that falls in the "comers" of the (square) frequency space through Node 1. L&v) is a complementary lowpass filter, where u and v are frequency variables corresponding to the x-and y-directions, respectively. The asterisks in Fig. 1 indicate 180" rotation of the transfer function. Nodes 2 and 3 pass the high frequency (edge) information at the first scale. Node 4 passes the low-frequency information, and this is where additional stages of decomposition and reconstruction can be inserted. In Figure 2 , the output of the (single) highpass filter fills the LR quadrant. The two bandpass filter outputs of the first stage appear in the UR and LL quadrants, while the decimated lowpass output falls at the LR corner of the UL quadrant. The three output images of the second stage follow the same format in the UL
quadrant.
This paper is organized as follows. In Section 2 we discuss the mathematical requirements imposed by invertibility and describe V-329 a frequency-domain method for designing the required transfer functions. In Section 3 we illustrate the process with an example. Finally we discuss the technique and its application.
FILTER DESIGN

Invertibility Requirements
The constraints the filters must satisfy [ 11, illustrated for the k = 2 case, are (1) flat system response, 
where fN = 1 / 2 h is the folding frequency, and s = Ju2 + v 2 is the radial variable in frequency space.
A sufficient condition for Eq. (2) to hold is that the decompositionireconstruction filter bank has unity gain, IL, (u, v)12 +IB, (u, v)12 +IB2(u, v) 
From this Eq. (1) implies that the pre-and post-processing steps must also have unity gain, that is,
IH,,(U,v)l2+IL"(u,V)lz = 1 (5)
This defines a special case for which it is simple to construct suitable transfer functions.
The Lowpass Filters
We define a general, smooth-edged, one-dimensional lowpass transfer function using the raised cosine, 
The Highpass Filter
We define a smooth-edged one-dimensional highpass transfer function, again using the raised cosine,
; a < f < b
Then the two-dimensional highpass filter transfer function is given by
This transfer function is shown in Figure 3 .
The Steerable Bandpass Filters
The k directional bandpass filters used in the iterated stages are given by B,,, (u, v ) = HP(f,, f N / 2 , S ) cosk-'(@ -m n / k ) (1 1) wherem= 0, ..., k-1, and is the angular variable in frequency space.
DESIGNEXA
The k=2 case, illustrated in Figure 1 , requires two bandpass filters, and these approximate first derivatives in the x-and ydirections. Their transfer functions are shown in Figure 4 . In this example, the parameters fi and A were chosen as 0 and 518 f~,
respectively.
The sum of squared magnitudes of the two bandpass filters forms a circularly symmetric highpass filter. The lowpass filter, Ll(u,v), passes the low frequency components that fall in the central core of that filter. Finally, the highpass filter, Ho (u,v) , passes the high frequency information that falls in the "comers" of the (rectangular) frequency plane. Thus all energy, regardless of frequency, is passed to the output with unity gain.
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The output of the L,(-u,-v) decomposition filter is downsampled by a factor of two, but this is aliasing-free since all energy of frequency high enough to be aliased has been removed by L,(-u,-v). Upon reconstruction, the down-and up-sampled signal in branch 4 (in which every second sample is zero) is interpolated by L l ( U , V ) . 
